Abstract: This note gives a counterexample to a question related to the following theorem. Let D be a differential domain finitely generated over a field F with algebraically closed field of characteristic 0. If D has no nonzero proper differential ideals, then the constants of differentiation of the quotient field of D is also C. The converse is known to be false but the question of whether the differential domain D can be finitely extended within its quotient field to a differential domain with no nonzero proper differential ideals was raised in [M]. A counterexample in the case that F is infinitely generated over C exists. This paper gives a counterexample in the case where F = C negating the natural question whether adding the condition that F be finitely generated over C is sufficient to guarantee a positive answer to the question.
Introduction
Consider the following theorem about differential algebras.
Theorem: Let R be a differential integral domain, finitely generated over the differential field F of characteristic 0. Let E denote the quotient field of R, and let C denote the algebraically closed field of constants of F. Assume that R contains no proper differential ideals,then the field of constants of E coincides with C. [M] Andy Magid shows in [M] that the converse is false, namely an example is given of a differential domain R, finitely generated over the field of constants C of F where the field of constants of E coincides with C (a situation described by saying that R has no new constants), but R has proper nonzero differential ideals. The R in the example does have a finitely generated extension contained in its quotient field which has no nonzero proper differential ideals so the question is raised whether it is always possible to find a finitely generated F-subalgebra T of E containing R such that T has no proper differential ideals when R has "no new constants". If this were the case one has the sense that the property of having no new constants would be governed by not having too many nonzero proper differential ideals.
Counterexamples
The following example appears in [H] . 1) The differential constants of F under D = the C-constants, C.
2) The differential constants of E also = C.
3) (X − α i ) is a differential ideal of R. 4) Every finitely generated extension of R which is contained in E has a proper differential ideal.
Given the nature of this example it is natural to reformulate the question when F is required to be finitely generated as a field over C. An example in [H] purports to show that the answer to this question is no, but there is a fatal error in a routine calculation. The purpose of this paper is to provide a correct counterexample.
Example 2: Let C be any field of characteristic zero. Let R = C[X 1 ,X 2 ,X 3 ,X 4 ] be the polynomial ring with derivation D defined by Dc = 0 if c ∈ C, DX 1 = X 3 , DX 2 = X 4 , DX 3 = X 1 + X 3 (X 3 + X 4 ), and DX 4 = X 2 + X 4 (X 3 + X 4 ). Then we have:
(1)Every finitely generated differential extension of R within E has nonzero proper differential ideals.
(2) The differential field of constants of the quotient field E of R = C.
Pf of (1): We show that there are an infinite number of distinct height two differential primes in R whose intersection is 0. Consider elements of the form F c = X 1 + cX 2 where c ∈ C. DF c = X 3 + cX 4 and D 2 F c = (X 1 + cX 2 )+ (X 3 + cX 4 )( X 3 + X 4 ). Thus, P c = (X 1 + cX 2 , X 3 + cX 4 ) is a differential ideal. Clearly P c is a prime ideal of height two. It is also clear that the intersection of {P c } is zero since C is infinite. Now if T is any finitely generated differential extension of R within E,
Since r is not zero, r is not in some P c so P c R[1/r]is proper and P c T is a proper nonzero differential ideal of T.
Pf of (2): We find it convenient to change variables.
The proof requires several steps. We first show there are no new constants in R. Then we can assume that f and g are relatively prime elements of R and that D(f/g) = 0 so gDf − fDg = 0. f and g relatively prime implies that Df = zf and Dg = zg for some nonzero z in R. Thus, it suffices to show that given any nonzero z in R, that DY = zY has at most one solution in R up to a constant multiple.
Observe that if Dw = zw, then (w) is a differential ideal. Assume that w / ∈ C so (w) is proper. It is known that minimal primes over differential ideals are differential in characteristic 0. Since R is a UFD, the minimal primes are generated by the irreducible factors of w. Thus, each irreducible factor of w is another solution to DY = zY for some z. If we can prove that there is only one irreducible w up to a constant multiple which is a solution to Dw = zw, then it is clear that the only nonirreducible solutions are constant multiples of a power of this unique solution. The proof will show that X = Y 1 Y 4 − Y 2 Y 3 is the unique irreducible solution (up to a constant multiple) with z = Y 3 . Thus, in determining the solutions to DY = zY, we may assume an irreducible solution and argue it must be cX for some c in C. Observe that if z exists so Dw = zw with nonzero w, then z is at most linear in the variables {Y i }. Now the proof results from the following steps. The strategy is to pull up the limitations to the number of solutions to DY = zY from differential subdomains of R and its quotient field.
Step one: There are no new differential constants in R.
Step 
which is a contradiction unless Dw = 0 which by Step one implies that w is in C.
Pf of three:
is a differential subdomain of R , which is a polynomial ring since X is clearly algebraically independent of Y 1 and Y 3 . First suppose that w ∈ C[Y 1 ,Y 3 , X], Dw = zw, and w has positive total degree. By Step one, z = 0. By an earlier comment we may suppose that w is irreducible. Write w =
Since 
We have: 
